The fits of the Miyamoto-Satoh-Ohashi, Rohlfs -Kreitschmann and Haud-Einasto potentials of the Galaxy by Stackel potentials are investigated. It is shown that these Galaxy potentials can be fitted with a high accuracy, except only for a small central region. This confirms the early results of Dejonghe and de Zeeuw who explicitly showed an excellent Stackel fit in the case of the BahcallSchmidt-Soneira potential. Therefore, the use of Stackel dynamics seems to be quite common. One of the results obtained in this paper is the set of interpolating functions that permit one to calculate the approximate values of a Stackel potential anywhere in the Galaxy straightforwardly, quickly and sufficiently accurately. The high accuracy of the fit implies that many of the properties of stellar orbits (say, extreme points of the orbit) can be derived by a study of only a Stackel potential.
Introduction
The growing knowledge of the structure of our Galaxy, the discovery of massive dark corona around the Galaxy and the improvement of the system of galactic constants have given rise to the construction of a set of mass-models for the Galaxy (e.g., Clutton-Brock et al. 1977; Miyamoto et al. 1980; Caldwell and Ostriker 1981; Bahcall et al. 1982; Kreitschmann 1981, 1988; Allen and Martos 1986; Haud and Einasto 1986) . A study of stellar orbits, a search for integrals of motion and constructions of self-gravitated models of stellar systems require a potential for which an exact third integral exists. Such a potential was discovered by Stackel (1890). Dejonghe and de Zeeuw (1988) have performed a Stackel potential fit to the Bahcall, Schmidt and Soneira (1982) and Caldwell and Ostriker (1981) axisymmetric potentials. In both cases an excellent fit was obtained, with an error nowhere exceeding ±3%.
The aim of this paper is to gain further insight into the Stackel fit problem. For this purpose, the axisymmetric potentials of Miyamoto, Satoh and Ohashi (1980, hereafter MSO) , Rohlfs and Kreitschmann (1986, hereafter RK; and Haud and Einasto (1986, hereafter HE; 1989) were fitted to Stackel potentials as close as possible by the method of least squares.
Section 2 outlines the MSO, RK and HE models and presents the basic mathematical expressions used to calculate potentials in these models. In Section 3, the Stackel fit to the MSO, RK and HE potentials is produced and the fitting results are given. The main results are briefly discussed in Section 4.
Potentials

The MSO model
The axisymmetric MSO model of the Galaxy has been set up such that its gravitational field is sufficient to bind the satellites of our Galaxy as well as to reproduce the galactic rotation curve constructed according to the observational data given by Schmidt (1965) for 6 kpc < R < 10 kpc and by Simonson and Mader (1973) for R < 6 kpc.
The potential of the model is expressed by a superposition of three generalized Kuzmin models and can be written as (see MSO):
where G is the Newton gravitational constant, R,z are the galactocentric cylindrical coordinates and the parameters a,i, hi and Mi are 
The RK model
The axisymmetric RK model consists of a spherical inner bulge, a modified exponential disk and a massive corona. The model has been constructed so as to obtain the potential and its derivatives over a wide range of galactic distances.
The RK model reproduces the rotation curve of the Galaxy that was constructed by Rohlfs and Kreitschmann for R < 8.5 kpc and various guesses and extrapolations of no genuine measurements for R > 10 kpc. The circular velocity given by the model shows a steep rise close to the galactic center and two peaks at R « 0.35 kpc and R ~ 6.5 kpc with a deep minimum between. Outside the solar circle (R > 8.5 kpc), the rotation curve of the model remains reasonably flat.
The bulge in the RK model represents the inner parts (R < 3 kpc) of the Galaxy, and was assumed by RK as a spherical Brandt model with the mass distribution The RK disk is a separable dynamical component with a central hole of adopted radius, depth and steepness of the rim and is described by the expression According to RK, the gravitational potential of the disk can be written as 
Jo
The thickness of the disk, A(R), is given in RK or can be calculated analytically.
To explain the rotation curve for R > 10 kpc, which for the Galaxy is a rather flat shape, a dark, invisible massive corona was introduced into the RK model. It was assumed that this corona has a spherical mass distribution with the density 
The HE model
This axisymmetric model consists of five ellipsoidal galactic components (nucleus, bulge, disk, halo and flat population) and of a massive corona and is constructed under the following assumptions: 1) the Galaxy is in a steady state; 2) the galactic components (or populations, see HE) are physically homogeneous;
3) the equidensity surfaces of the galactic components are similar concentric ellipsoids with the spatial density of an equidensity layer Using (2.9) and (2.10), the potential of the spherical corona can be obtained in an explicit form by 
Fit of the potentials
Method
The total angular momentum of a spherical potential is an isolating integral of motion. If the potential is separable in ordinary cylindrical coordinates (R,<f>,z), the Oort integral of motion exists for all orbits. In the more general case, if the potential is of a Stackel form, i.e.,
A -V
a third integral of motion exists, too. In (3.1), A and v are the elliptic coordinates in the meridional plane, where <j > = const, defined
with a = const and 7 = const and /(A) and f(u) are two arbitrary functions as 0 < -7 < v < -a < A < 00.
To approximate the galactic axisymmetric potential $ by the Stackel potential (3.1), Hori (1962) fixed the functions /(A) and f(v) so that fits $ exactly on the galactic plane and along the z-axis in the interval 0 < z < a/7 -a. For two mass models of the Galaxy, the fits of to $ are described by Satoh and Miyamoto (1976) and by Manable (1979) . In both cases the errors of the Hori fit remain small only over the region at great distances (« 8 kpc) from the foci z0 = ±^7 -a and no global fit exists.
An excellent global fit of the Bahcall, Schmidt and Soneira (1982) potential by a Stackel potential has been obtained by Dejonhe and de Zeeuw (1988, hereafter DZ) by using the variational principle that minimizes ($ -$a) and in that sense gives the best overall fit. The error in the fit nowhere exceeds ±3%, with the largest deviation occurring in the center.
The minimization of the functional 
with the function
The weighting functions A(A) and N(u) can be chosen arbitrarily but so that the integrals A = / 2 A(\)d\ and N= f ' N{v)dv JAi J u\ are finite. To improve the fit by Equation (3.2), it is necessary to repeat the process of calculations for different values of the foci z 0 and adopted parameters of the weighting functions.
In the discrete case when the galactic potential z) is given only in some fixed points of the Galaxy, a Stackel fit can be obtained by the discrete formulae in the given points: 
Application to the Galaxy models
To gain further insight into the Stackel fit problem, the MSO, RK and HE potentials have been fitted by Stackel potentials using Equation (3.2). According to DK, the weights A(A) and N(u) of the function I'F(A, u) have been taken to be rational uniform functions:
where the parameter p is assumed to be constant and equal to five and the other parameters, q and the foci z0, have to be determined by testing calculations. For the fixed foci z0, the parameter 7 is not yet determined. To have /(A) and f(u) smooth enough, the value of 7 is taken equal to -10 -6 kpc 2 . The MSO, RK and HE potentials have been fitted over two regions, A and B. The A region occupies the whole meridional plane (R, z) out to about 40 kpc from the center of the Galaxy. The B region is the same as A but with the central part of r < 1.5 kpc excluded.
The function /(r), where r = (A or u), can be obtained from (3.2) only numerically. But for all three potentials taken in this paper, /(t) is smooth enough to be approximated with a high accuracy by a simple interpolating function
where
and the coefficients a, and the constants f 0 , r 0 and r\ of interpolation are different for various fits.
The MSO model
For the MSO fit, the best values of the foci z a equal to 3.5 kpc and of the parameter q equal to 1.2 have been found for the A region, and those for the B region are z 0 = 3.7 kpc and q = 1.5.
The errors of both fits, e = -in the (R,z) plane are shown in terms of percentages in Fig. 1 . Fig. 1 . The MSO fit in the (R,z) plane for the A region (z 0 = 3.5 kpc, q = 1.2) and B region (z 0 = 3.7 kpc, q = 1.5). Relative errors of the fit, e = -are plotted in terms of percentages. The symbols denote: 0-e < 0.2 %, 0-e < 0.5 %, 1-e < 1.5 %, 2-e < 2.5 %, 3-e < 3.5 %, 5-e < 5.5 %, A-e < 10 %.
The error in the fit nowhere exceeds ±3%, except for the central part of the A region with r < 3.0 kpc. A typical value of the error in the galactic plane is about ±2%. The values of the constants / 0 ,t 0 and T\ and the coefficients a, of the interpolating function for the B fit are listed in Table 1 In Fig. 2 , the rotation curve calculated for the B fitting region, given by equation where /'(A) is the derivative of /(A), is compared with that obtained from the exact MSO potential. Since V C (R) depends on the derivative /'(A) and the procedure (3.2) does not fit any derivatives of the potential, the representation of the Galaxy rotation curve by (3.6) can be considered as satisfactory. 
S. 2.2. The RK model
For the RK potential, the best fit has been found with the values z 0 -3.0 kpc and q = 0.5 for the A region and z 0 = 3.0 kpc and q = 0.0 for the B region. The errors of both fits are shown in Fig. 3 . The error e in the fit is nowhere worse than ±3% for the A region and ±2% for the B region, except for a small area around the center with r < 0.5 kpc. The constants /0,r0 and T\ and the coefficients a,(ï = 1,2, ...,40) of the interpolating function (3.5) that can be used for straightforward calculations in the A fitting region are listed in Table 2 . Fig. 4 . The RK fit for the A region (z0 = 0.3 kpc, q = -0.5). Notations are the same as in Fig. 1 .
Numerical experiments have shown that when a Stackel potential approaches the spherical potential (foci length z0 -• 0), the fitting error on the average gets larger, but becomes reasonably small in the center of the Galaxy. An example of the A fit with a small z0 values (z0 = 0.3 kpc, q = -0.5) is shown in Fig. 4 . The comparison of the rotation curve given by the exact RK potential with that calculated from Equation (3.6) for the B fitting region is given in Fig. 5 . 
The HE model
The A fit of the HE potential does not exceed an error of ±1.5%, except for the region around the center of the Galaxy (r < 0.3 kpc). The parameters of this fit (Fig. 6 ) are z 0 = 3.0 kpc and q = 0.5. The coefficients a{ (i -1,2,..., 40) and constants f 0 , r 0 and T\ of the interpolating function /(r) (Equation (3.5)) for the A fitting region are given in Table 3 . The function /(r) is shown graphically in Fig. 7 . The error of the /(r) approximation by Equation (3.5) does not exceed ±0.5%.
In Fig. 8 , the rotation curve given by the exact HE potential is compared with that calculated from Equation (3.6). 
Concluding remarks
DZ have shown that there exists an excellent global fit of the Bahcall-Schmidt-Soneira potential by a Stackel potential. The main result of the present study is a confirmation of the DZ fitting results. It is shown that the MSO, RK and HE potentials can also be represented fairly accurately by potentials of a Stackel form. In all cases, the fits are least satisfactory in the central regions and should not be applied there, especially, since the Galaxy bulge may be nonaxisymmetric.
This result implies that many properties of stellar orbits can be given by using a Stackel model. Since a Stackel potential has three isolated integrals of motion, stellar orbits can be studied by analytic means. Moreover, the potential of a Stackel form has a very considerable advantage that it is described by a function of only one variable and that this function may be reproduced with a high accuracy by a simple interpolating function. Therefore, many of the required calculations can be done efficiently and quickly.
